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I/O-Model

• Two-level memory hierarchy: fast cache and slow memory [HK81, 
AV88]

CPU DISK

Write-Out

CACHE

Cache size = M

Read-In

Line Size = BB = 1

I/O-Complexity = # I/O operations = # 
Write-Outs + # Read-Ins



Red-Blue Pebble Game

• Used to model I/O complexity of I/O-model [HK81]
• Sequentially add, remove, and recolor ”red” and “blue” pebbles on a 

DAG
• Dependency DAG represents data dependency in computation



Red-Blue Pebble Game

1 Transition3 Transitions2 Transitions
Dependency DAG: 

represents data 
dependencies

Data starts out in diskRecoloring: blue to red = 
bring data into cache Represents I/Os
Red pebble placement: 

represents computation in 
cache 

Recoloring: red to blue = 
write data into disk

Deleting pebble: remove 
data from cache or disk

= data in cache = data in disk Goal: Pebble sink nodes with blue pebbles. 



Red-Blue Pebble Game

Goal: Pebble sink nodes with blue pebbles. 

Minimizing red pebbles: 
minimizing cache size = 5

Minimizing transitions: minimizing 
I/O-complexity (number of read-
ins/write-outs) = 5



Pebble Games and Hardness

• Used to model computation and space constraints in many different 
models of computation
• Standard (black) pebble game: PSPACE-complete [GLT80]
• Black-white pebble game: PSPACE-complete [HP10]
• Reversible pebble game: PSPACE-complete [CLNV15]



Other Applications

• Protection against large-scale attacks on secure systems
• Proofs of work (via pebbling) use large computation time [DNW05]
• Adversaries build specialized circuits

• Memory-hard functions [AS15] — use lots of memory to perform 
computation
• Doesn’t account for different access times

• Bandwidth-hard functions [BRZ18] — use many I/Os to perform 
computation



Our Results

Thm 1. Computing the number of red pebbles and number of transitions in 

the Red-Blue Pebble Game is PSPACE-Complete even given constant number 

of transitions.

Extension of 

[GLT80]

Thm 2. Computing the number of red pebbles and number of transitions (even constant) in the 

Red-Blue Pebble Game with No Deletion is NP-Complete.

Thm 3. Computing the number of red pebbles and number of transitions in the Red-Blue Pebble 

Game is W[1]-hard when parameterized by the number of transitions, even for layered graphs.



Red-Blue Pebble Game with No Deletions

• No deletion move allowed
• Studies a simpler problem—what does deletion afford in the I/O-

model?
• Applications for when computed data need to be maintained
• Can be used to model cases where computation time in cache similar 

to I/O cost
• Provides an additional proof of NP-completeness for model in [BRZ18] 

when computation time cost in cache is equal to I/O cost



NP-Completeness Proof

• Similar in spirit to [GLT80] proof framework

• Reduction from Positive 1-in-3 SAT [GJ90]

Positive 1-in-3 SAT [GJ90]:  Set ! of variables and " of clauses over ! where each clause 
c∈" has size |c| = 3 and all literals in c are positive. Does there exist a truth assignment for 

! such that each clause has exactly one true literal?

U = {x1, x2, x3, x4, x5, x6}
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Proof Overview

Set all
Variable Gadgets Pebble clause gadgets

Place extra pebbles in 
pyramid sink paths Pebble anti-clause 

gadgets—one for each 
variable

Pebble hold path

Finish pebbling all 
variable gadgets

Maintains pebbles on 
pyramid nodes in 
variable gadgets 

throughout pebbling

Goal: Given r red pebbles and t 
transitions, can the sink be 
pebbled?

Reduction: The sink can be pebbled using r red pebbles and t transitions if and 
only if the Positive 1-in-3 SAT instance can be solved for some setting of variables.



Gadgets
Set all
Variabl

e 
Gadge

ts

Variable Gadget Pyramid/Pebble 
Sink Path

False ConfigurationTrue Configuration

Must keep a pebble 
on every pyramid in 
the path. 



Gadgets
Set all
Variabl

e 
Gadge

ts

Clause Gadget

Anti-clause Gadget

Cannot reduce from 3SAT because too 
much slack in bound for # of transitions. 
Need an exact bound on the number of 
transitions.
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� = (x1 _ x2 _ x3) ^ (x3 _ x5 _ x4)
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x3
<latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit><latexit sha1_base64="TQ33fRXyPFetK0LUClcfydpelNI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+qd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t1dVGrXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AEOuI2i</latexit>

x4
<latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit><latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit><latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit><latexit sha1_base64="AlKM6oMHVKv8OS4xnuSaxrc1A3Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVD236t3VKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAQPI2j</latexit>

x5
<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

1. Set Variable Gadgets

1) a. Pebble Sink Path

c1
<latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit><latexit sha1_base64="yRjoBq99koyFx8YvuYkRx/CJ8Y4=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpgfX9vlv1at4cZJX4BalCgUbf/eoNEpbFXCGT1Jiu76UY5FSjYJJPK73M8JSyMR3yrqWKxtwE+fzUKTmzyoBEibalkMzV3xM5jY2ZxKHtjCmOzLI3E//zuhlG10EuVJohV2yxKMokwYTM/iYDoTlDObGEMi3srYSNqKYMbToVG4K//PIqaV3UfK/m319W6zdFHGU4gVM4Bx+uoA530IAmMBjCM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeujjYs=</latexit>

Anti-clause

c2
<latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit><latexit sha1_base64="tH/lnfdmPbXeWx2i9xfZDS+3iMU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ1qg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qudWvfurSuMmj6MIZ3AOl+BBHRpwB01oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+0njYw=</latexit>

Anti-clause

2. Clauses/Anti-clause Gadgets

4. Pebble Hold Path

5. Target Node



Parameterized Complexity

• Fixed-parameter tractable: problem parameterized by k can be 
solved in f(k)nO(1) time
• W[1]-hardness: assuming ETH (Exponential Time Hypothesis) no FPT 

algorithm for problem parameterized k (e.g. FPT     W[1])6=
<latexit sha1_base64="Pm/ji9yZb0TcsZeUzNxn0s/6UTk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbt0s4m7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMmlzqS3wcVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzW+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhtZ9xmaQGJVssClNBTEzyx8mQK2RGTC2hTHF7K2FjqigzNp6KDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ARgNjkI=</latexit><latexit sha1_base64="Pm/ji9yZb0TcsZeUzNxn0s/6UTk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbt0s4m7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMmlzqS3wcVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzW+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhtZ9xmaQGJVssClNBTEzyx8mQK2RGTC2hTHF7K2FjqigzNp6KDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ARgNjkI=</latexit><latexit sha1_base64="Pm/ji9yZb0TcsZeUzNxn0s/6UTk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbt0s4m7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMmlzqS3wcVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzW+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhtZ9xmaQGJVssClNBTEzyx8mQK2RGTC2hTHF7K2FjqigzNp6KDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ARgNjkI=</latexit><latexit sha1_base64="Pm/ji9yZb0TcsZeUzNxn0s/6UTk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbt0s4m7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMmlzqS3wcVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzW+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhtZ9xmaQGJVssClNBTEzyx8mQK2RGTC2hTHF7K2FjqigzNp6KDcFbfnmVtC/qnlv37i9rjZsijjKcwCmcgwdX0IA7aEILGIzhGV7hzYmcF+fd+Vi0lpxi5hj+wPn8ARgNjkI=</latexit>

Exponential Time Hypothesis [IPZ01]: There exists a positive real s such that 
3-CNF-SAT with parameter n cannot be solved in time 2sn(n+m)O(1).



Our Results

Thm 1. Computing the number of red pebbles and number of transitions in 

the Red-Blue Pebble Game is PSPACE-Complete even given constant number 

of transitions.

Extension of 

[GLT80]

Thm 2. Computing the number of red pebbles and number of transitions (even constant) in the 

Red-Blue Pebble Game with No Deletion is NP-Complete.

Thm 3. Computing the number of red pebbles and number of transitions in the Red-Blue Pebble 

Game is W[1]-hard when parameterized by the number of transitions, even for layered graphs.



W[1]-hardness Proof

• Red-blue pebble game parameterized by number of transitions t is 
W[1]-hard
• Reduction from Weighted 3-CNF SAT

Weighted 3-CNF SAT(k): Set ! of variables and " of clauses over ! where each 
clause c∈" has size |c| = 3 and all literals in c are positive. Does there exist a truth 
assignment for ! such that exactly k variables are true in !?

U = {x1, x2, x3, x4, x5, x6}
<latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nicZLKnKt5l1/2oEkJ6TgX+EZiI=">AAACDHicbVDLSgMxFL1TX7VWHd26CRbBhZSZ+twIghuXFZy20BmGTJq2oZkHSUZahvkLN/6KGxeKuHbn35hpu9DWCzkczsklOSdIOJPKsr6N0srq2vpGebOyVd3e2TX3qi0Zp4JQh8Q8Fp0AS8pZRB3FFKedRFAcBpy2g9Ft4bcfqZAsjh7UJKFeiAcR6zOClZZ8s+6GWA0J5pmTo2vkZmPfPkFjv1HAaQFnBZwXcOHmvlmz6tZ00DKx56QG82n65pfbi0ka0kgRjqXs2laivAwLxQinecVNJU0wGeEB7Woa4ZBKL5vmytGRVnqoHwt9IoWm6u+NDIdSTsJA3yxSyEWvEP/zuqnqX3kZi5JU0YjMHuqnHKkYFSWhHhOUKD7RBBPB9F8RGWKBidJVVnQJ9mLkZdJq1G2rbt9bUIYDOIRjsOESbuAOmuAAgSd4gTd4N56NV+NjVlfJmPe2D3/G+PwBp5+bYA==</latexit><latexit sha1_base64="nicZLKnKt5l1/2oEkJ6TgX+EZiI=">AAACDHicbVDLSgMxFL1TX7VWHd26CRbBhZSZ+twIghuXFZy20BmGTJq2oZkHSUZahvkLN/6KGxeKuHbn35hpu9DWCzkczsklOSdIOJPKsr6N0srq2vpGebOyVd3e2TX3qi0Zp4JQh8Q8Fp0AS8pZRB3FFKedRFAcBpy2g9Ft4bcfqZAsjh7UJKFeiAcR6zOClZZ8s+6GWA0J5pmTo2vkZmPfPkFjv1HAaQFnBZwXcOHmvlmz6tZ00DKx56QG82n65pfbi0ka0kgRjqXs2laivAwLxQinecVNJU0wGeEB7Woa4ZBKL5vmytGRVnqoHwt9IoWm6u+NDIdSTsJA3yxSyEWvEP/zuqnqX3kZi5JU0YjMHuqnHKkYFSWhHhOUKD7RBBPB9F8RGWKBidJVVnQJ9mLkZdJq1G2rbt9bUIYDOIRjsOESbuAOmuAAgSd4gTd4N56NV+NjVlfJmPe2D3/G+PwBp5+bYA==</latexit><latexit sha1_base64="WgMV0V9sN7IsZ9L9SvX23TCMWc8=">AAACF3icbVDLSsNAFJ34rPUVdelmsAguJCT1uRGKblxWMG2hCWEynbRDJw9mJtIS8hdu/BU3LhRxqzv/xkmbhbYemMPh3Hu5c4+fMCqkaX5rC4tLyyurlbXq+sbm1ra+s9sSccoxsXHMYt7xkSCMRsSWVDLSSThBoc9I2x/eFPX2A+GCxtG9HCfEDVE/ogHFSCrL0w0nRHKAEcvsHF5BJxt51jEcefWCTgo6LeisoHMn9/SaaZgTwHlhlaIGSjQ9/cvpxTgNSSQxQ0J0LTORboa4pJiRvOqkgiQID1GfdJWMUEiEm03uyuGhcnowiLl6kYQT9/dEhkIhxqGvOosrxGytMP+rdVMZXLoZjZJUkghPFwUpgzKGRUiwRznBko2VQJhT9VeIB4gjLFWUVRWCNXvyvGjVDcs0rDuz1rgu46iAfXAAjoAFLkAD3IImsAEGj+AZvII37Ul70d61j2nrglbO7IE/0D5/AGGEnN4=</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit><latexit sha1_base64="dY9FQP45MnHB3XPsyz5ldBK9O8s=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwISGp9bERim5cVjBtoQlhMp22QycPZibSEvIXbvwVNy4Ucas7/8ZJm4W2HpjD4dx7uXOPHzMqpGl+a6Wl5ZXVtfJ6ZWNza3tH391riSjhmNg4YhHv+EgQRkNiSyoZ6cScoMBnpO2PbvJ6+4FwQaPwXk5i4gZoENI+xUgqy9MNJ0ByiBFL7QxeQScde9YJHHu1nE5zqud0ltO5k3l61TTMKeCisApRBQWanv7l9CKcBCSUmCEhupYZSzdFXFLMSFZxEkFihEdoQLpKhiggwk2nd2XwSDk92I+4eqGEU/f3RIoCISaBrzrzK8R8LTf/q3UT2b90UxrGiSQhni3qJwzKCOYhwR7lBEs2UQJhTtVfIR4ijrBUUVZUCNb8yYuiVTMs07Du6tXGdRFHGRyAQ3AMLHABGuAWNIENMHgEz+AVvGlP2ov2rn3MWktaMbMP/kD7/AFixJzi</latexit>

C = (x1 _ x3 _ x6) ^ (x2 _ x5 _ x6) ^ (x3 _ x4 _ x5)
<latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gvTYgE7MhtwHKFJnXaRAhNskywA=">AAACQXicbZA9SwNBEIbn4neMetraLIqQNOEufjaCYGOpYFTIhWNvM0mW7H2wuxcTjvxAGws7f4WNhSKCezGKRgcWXt53htl5gkRwpR3n0SrMzM7NLywuFZdLK6tr9nrpSsWpZFhnsYjlTUAVCh5hXXMt8CaRSMNA4HXQO83z6z5KxePoUg8TbIa0E/E2Z1Qby7eZF1LdZVRkpyNyTMoD3yVeH5EM/N0vcVAh3i22OpjHtS93/9/4e2jvu6/i29tO1RkX+SvcidiGSZ379oPXilkaYqSZoEo1XCfRzYxKzZnAUdFLFSaU9WgHG0ZGNETVzMYwRmTHOC3SjqV5kSZj9+dERkOlhmFgOvPT1XSWm/9ljVS3j5oZj5JUY8Q+F7VTQXRMcrKkxSUyLYZGUCa5+SthXSop04Z/0UBwp0/+K65qVdepuhcOLMImbEEZXDiEEziDc6gDgzt4ghd4te6tZ+vtE1fBmnDbgF9lvX8AuTmujQ==</latexit><latexit sha1_base64="gvTYgE7MhtwHKFJnXaRAhNskywA=">AAACQXicbZA9SwNBEIbn4neMetraLIqQNOEufjaCYGOpYFTIhWNvM0mW7H2wuxcTjvxAGws7f4WNhSKCezGKRgcWXt53htl5gkRwpR3n0SrMzM7NLywuFZdLK6tr9nrpSsWpZFhnsYjlTUAVCh5hXXMt8CaRSMNA4HXQO83z6z5KxePoUg8TbIa0E/E2Z1Qby7eZF1LdZVRkpyNyTMoD3yVeH5EM/N0vcVAh3i22OpjHtS93/9/4e2jvu6/i29tO1RkX+SvcidiGSZ379oPXilkaYqSZoEo1XCfRzYxKzZnAUdFLFSaU9WgHG0ZGNETVzMYwRmTHOC3SjqV5kSZj9+dERkOlhmFgOvPT1XSWm/9ljVS3j5oZj5JUY8Q+F7VTQXRMcrKkxSUyLYZGUCa5+SthXSop04Z/0UBwp0/+K65qVdepuhcOLMImbEEZXDiEEziDc6gDgzt4ghd4te6tZ+vtE1fBmnDbgF9lvX8AuTmujQ==</latexit><latexit sha1_base64="fd0lLzUK/4sVfgx+BKWi4IjHfGo="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit><latexit sha1_base64="JHovSmGoSirEZgnJr4x9cxvWwPQ="></latexit>

T T TF F F C = (x1 _ x3 _ x6) ^ (x2 _ x5 _ x6) ^ (x3 _ x4 _ x5)
<latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="1roGMl+Ls7CmlWqLwfyhvLwsN9I="></latexit><latexit sha1_base64="1roGMl+Ls7CmlWqLwfyhvLwsN9I="></latexit><latexit sha1_base64="laEmU4GDPXQTdJXGaR1hEj8CPuw="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit><latexit sha1_base64="1P+7jxsXzmHFBSHls0jSxixbuRA="></latexit>

k = 3 



W[1]-hardness Proof

Set all
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k-True
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sink paths 3-or-None 

Gadgets

Pebble hold path

Finish pebbling all 
variable gadgets

Clause 
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All-False 
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Set all 
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the false 
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Transitions are limited!



W[1]-hardness Proof Gadgets
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ClauseFalse ConfigurationTrue Configuration



W[1]-hardness Proof Gadgets
All-False

k-True

3-or-None



3-or-None 
Gadgets 1. Set Variable Gadgets

2. All-False Gadget

3. k-True Gadget

4. 3-or-None Gadgets

5. Clauses

6. Pebble Sink Path

6. Pebble Hold Path + Target

� = (x1 _ x2 _ x3) ^ (x2 _ x1 _ x4) ^ (x2 _ x3 _ x4)
<latexit sha1_base64="0S53kuzINMpxaczahxS238UVfg0="></latexit><latexit sha1_base64="0S53kuzINMpxaczahxS238UVfg0="></latexit><latexit sha1_base64="0S53kuzINMpxaczahxS238UVfg0="></latexit><latexit sha1_base64="0S53kuzINMpxaczahxS238UVfg0="></latexit>



Open questions

• Hardness of approximation—we don’t even have constant factor 
inapproximation!
• FPT algorithms for restricted classes of graphs
• Our results can be easily expanded to layered graphs
• Bounded width graphs?
• Planar and series-parallel?

• W[1]-hardness when parameterized by the number of red pebbles


